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Abstract

The objective of this note is to report some potentially useful mutual information inequalities.

1 Preliminaries

Throughout this section, and unless otherwise stated, z, x;, i € Ny, y, z and n are continuous random
variables taking values in appropriate subsets of R®. We assume that they all have well defined
probability density functions (PDFs), which we denote by fz, fz,, fy, f- and f,, respectively, and well
defined joint PDFs denoted by fyy, fzz, etc.! We also use the notation fa|y to refer to the conditional
PDF of z, given y. All definitions and results in this section are standard and can be found in [1].

Definition 1 (Differential entropy) The differential entropy of x is defined via®

) 2 = [ fufu)tn £y (u)do 1)
The conditional differential entropy of x, given y, is defined via

aly) 2 = [ Fuylu0) oy (o) )
04
The differential entropy has the following properties:
Fact 1 (Properties of h)
o h(zly) < h(x) with equality if and only if x and y are independent.

o h(z+yly) = h(zly).
e Ifa e R\ {0}, then h(azx) = h(z) + In|al.
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1We will seldom need to make a distinction between a random variable and its realization values. Thus, we introduce
at this moment no additional notation for the values of z,y, z or n.

21t is understood that the integrals are defined over the support of the functions involved.



o h(zg,  ,Tp_1) = Z?:_()l h(xzilxo, -+ ,x;-1) (this property is called chain rule for differential
entropy ).

o Ifx and y are independent, then e*(*+¥) > ¢2h(@) 4 20Y) (21(2) 45 cqlled entropy power of .
This property is called entropy power inequality. )

00O

Definition 2 (Mutual information) The mutual information between x and y is defined via

I(x;y) /fwy u,v) o gq}yq(]))dudv (3)
The conditional mutual information between x and y, given z, is defined via
I(z;y]2) /fg;yz U, v, W) ;iji?;g’;jj{;f:i du dv dw. (4)
0
Mutual information has the following properties:
Fact 2 (Properties of I)
1 I(zyy) = h(x) = h(zly) = h(y) = h(ylz) = I(y; z).
2. I(z;y|z) = h(z|2) — h(zly, 2) = h(ylz) — hlylz, 2) = I(y; z[2).
3. I(xz;y) > 0 with equality if and only if x and y are independent.
4. I(z,y;2) = I(x;2) + I(y; z|z) (chain rule of mutual information).
0ooo

Definition 3 (Markov chain) The random variables x,y and z are said to form a Markov chain
(in that order) if and only if f(z,zly) = f(z|ly)f(z]y), i.e., if and only if x and z are conditionally
independent given y. If that is the case, we write

vy (5)
[l

Theorem 1 (Data processing inequality) If x < y < z, then I(z;y) > I(z;2). Equality holds if
and only if, in addition, T < z < y. ooad



Definition 4 (Divergence between PDFs) The divergence of the distribution of x with respect to
the distribution of y (in short, the divergence between x and y) is defined by>

Dlall) = [ 1010 245 ©)

[N

Relevant properties of D(-||-) are summarized below:

Fact 3 (Properties of D)
e D(z|ly) > 0 with equality if and only if f. = f, almost everywhere* (a.e.).

o If xg is a second order Gaussian random variable and x is any other random variable with the
same mean and covariance matrix, then

D(z||lze) = h(zg) — h(z) = D(az|lazg), (7)
where a € R\ {0} is any real number.

(.

Remark 1 (Conditional divergence) It will prove useful to consider an extension of the definition
of divergence. Given two joint distributions fu, and f.., we define the conditional divergence between
them® via

D(z|y||w|z) é/fgcy(u,v)ln JWdudv. (8)

w|z(uv v
It is possible to show that the following holds:
o D(zly||lw|z) = 0.

o If xq and yg are jointly Gaussian random variables having joint PDF fy 4., and x and y are
arbitrary random variables having a joint PDF' f, with the same first and second order moments
as fecye, then

D(zlyl|lzclye) = Mzclya) — h(zly). 9)
00

We end this section with an extension of the notion of differential entropy to random processes.

3Also called the Kullback-Leibler “distance” between the distribution of z and the distribution of y.
4.e., fo(u) = fy(u) except (perhaps) on a countable set of reals.
5Also known as conditional relative entropy (see [1]).



Definition 5 (Differential entropy rate) Consider an asymptotically stationary process x. The differ-
ential entropy rate of x is defined by°

(10)

0o

If z is stationary, then it is clear that h(x) < h(z(k)), with equality if and only if z is a sequence
of independent random variables (recall Fact 1).

Theorem 2 (Differential entropy rate (see, e.g., [2,3])) If a stationary process & is filtered by a
stable filter having frequency response H(e’*), then the filter output x has an entropy rate given by

h(z) = h(z) + % /7r In |H (/)| dw. (11)

—T
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2 Results

This section presents the main results of this note.

Lemma 1 Consider the situation depicted in Figure 1, where x and n are m-dimensional random
variables that have arbitrary distributions. If x and n are independent, and xg and ng denote inde-
pendent m-dimensional Gaussian random variables having the same mean and covariance matriz as x
and n, respectively, then

I(z;y) < I(za;ye) + D(nllng), (12)
with equality if and only if x and n are jointly Gaussian.

Proof: Using Facts 2 and 1, the independence of z,n and z¢,ng, and the definition of D(:||),
it is easy to see that

I(z;y) — I(zasye) = hy) — hylz) — h(ye) + hyclze)
(x +n) — h(z + nlz) — h(zg + ng) + h(ze + nelza)
= h(ng) — h(n) — h(zg + ng) + h(zx +n)

< D(nling) — D(x + nllzc +n)

< D(nlng), (13)
where the last inequality follows from Fact 3. The result is now immediate. ([
627 is shorthand for z(0),z(1),- -, ().



Figure 1: Additive channel.

Lemma 2 Consider the situation depicted in Figure 1, where x and n are m-dimensional random
variables, x is Gaussian and n has an arbitrary distribution. If ng denotes an m-dimensional Gaussian
random variable, jointly Gaussian with x, having the same mean and covariance matriz as n, and such
that the cross-covariance between n and x equals the cross-covariance between ng and x, then

I(z;z+ng) < I(z;z+mn), (14)

with equality if the covariance matriz of x +n is non-singular, and n is Gaussian and jointly Gaussian
with x.

Proof: Using Fact 2 it is possible to write
I(z;x +n) — I(x;2 + ng) = h(z|x + ng) — h(z|z + n). (15)

Use of the facts in Remark 1 the first part of the result follows. Clearly, if n is Gaussian, then equality
holds in (14). The proof of the converse can be found in [4]. oo

Lemma 3 Consider the situation depicted in Figure 1, where x and n are independent scalar ran-
dom wvariables with arbitrary distributions. If xg and ng denote independent scalar Gaussian random
variables having the same mean and covariance matriz as x and n, and D(z||xg) < D(n||ng), then

D(z + n||zg + ng) < D(n|lng) and I(zg;zc+ng) < I(z;z +n), (16)
with equality if and only if x and n are jointly Gaussian.

Proof: We will use the proof of Lemma 1. If the right hand side in equality (a) in (13) were
positive, then the result would be true. Thus, we will start examining the difference D(n||ng) — D(x +
nl||lza + ng):

D(n|lng) — D(z + nllzg + ng) = h(ng) — h(n) — h(zg + ng) + h(z +n)

1 2mec?
=h(z+n)—h(n)+ =In s
( ) =~ ) 2 2me (o2, +02,)
1 O’?EG
:h(x+n)—h(n)—§1n L+ %), (17)
ng

where we have used Fact 3, the independence of zg,ng and Gaussianity. On the other hand, the
entropy power inequality allows one to conclude that, since x,n are independent,

h By > Lo (2@ 4 @) gy = L (14 O 18
(x+n)— (n)_§n(e +e )— (n)—§n +W (18)



1-F(z)

Figure 2: Feedback system considered in Lemma 4.

Use of (18) in (17) yields

1 2h(x) 1 2
D(n||lng) — D(z +nllzg +ng) > M = ~In (1 + e) —5 In (1 + %G) (19)

2 e2h(n) 2

and, since the variance of the Gaussian and non-Gaussian random variables is the same, we have from
(19) that

2h(z) 2h(n) 1
MZO@6 26 gh(gj>Zh(n)g2ln2ﬂ'e—D(m‘|mg)2

2 2
oz on On

1
3 In27e — D(n||ng) < D(z|lzg) < D(n||ng), (20)

where (a) follows from Fact 1 and (b) from Facts 3 and 1, and the fact that the variance of the Gaussian
and non-Gaussian random variables is the same. The result follows using (20) and (19) in equality (a)
in (13). 00O

Definition 6 Consider two random processes v and w. We define (if the defining limits exist) the
mutual information rate between v and w as

- 1
Io(v;w) £ lim —I(v* 1wk 1), (21)

k—oo k

and the average mutual information between v and w as

k—1

1 .

Lo(v—w) & lm + 3" Tw(@)vwi™), (22)
=0

0ad

Lemma 4 Consider the feedback system in Figure 2, where 1 — F(z) is stable and strictly proper (i.e.,
lim, o F(2) = 1), d is a random process, and q is an i.i.d. sequence that is independent of d and of
the initial state of F(z). Then,

np
Lo(d;w) = Ino (v — w) = > log [pf], (23)
i=1



where {p{",--- ,pL } denotes the set of non minimum phase zeros of F(z). ooo

Proof: By definition of mutual information rate and the chain rule of mutual information we
have that

k—oo

k—

- 1 1

I (d;w) :klirgo El(d’“l;w = lim %Z i); dF 1w ). (24)
i=0

Since w depends causally on d, it follows that I(w(i);d*~|w'~!) = I(w(i); d*|w'~'). Thus,
Io(d;w) = Io(d — w). (25)

Define n £ w — d and note that

We first note that

I(w(@); d'Jw'™") = I(w(i); o' [w'™) = h(w(i)
2 h(w(i)
= h(w(i)
= h(w(i)

w1

wl?

w1

7

) -
w0 = h(n(i)
Iw ,vz) hn(i)[n'=", d")
w5 0") = h(n(d)|n'7h), (27)

where (a) follows from Fact 2, (b) follows from the definition of n and Fact 1, (¢) follows from the fact
that, by definition of n, M « (w'=! d") < (n’~!,d") for every random variable M, and (d) follows
from the fact that, since d is independent of ¢ and of the initial state of F(z), d is independent of n
and, thus, n(i) < n'~! < d’ holds.

We also have that

h(w(@)w™,v") 2 h(v(i) + q(i)w' ", v")
b)

= h(q(i)lg" ", v")
= h(q(d)lg"), (28)

where (a) follows from the definition of variables in Figure 2, (b) follows from Fact 1 and the fact that,
by definition, M « (w'~1,v?%) « (¢*~1, d%) for every random variable M, and (c) follows from the fact
that both the initial state of F'(z) and d being independent of ¢, ¢ being i.i.d., and F(z) being strictly
proper guarantees that g(i) < ¢*~1 < v’

From (25), (27), (28) and Fact 1 it follows that

Io(dyw) = I (v — w) = R(q) — h(n). (29)

Use of Theorem 2, (26) and the Bode integral theorem (see, e.g., [5]) yields the result. 0ooo
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