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Introduction to recursive identification
algorithms

Torsten Soderstrém

Division of Systems and Control
Departmant of Information Technology
Uppsala University, Sweden

UTFSM, November 2012 — p.1/76

Introduction, cont’d

Model
y(t) =0 +elt)
Natural estimate .

TORES D)

tszl
shynal and data
L)
L]
! L] L °
F © B * o _a 4
1 oﬂon 2 u,ﬂn $i’1$.t°. ﬂ‘ﬂ a.. *
L) ] 0] d &
Y o Vo o, * u..o:o“"ﬁ‘-o“‘d
e

UTFSM, November 2012 — p.A/76

Simulations

Recursive estimate of s

UTFSM, November 2012 - p.7/76
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Contents

w Introduction

m Derivation of algorithms

m Tracking lime-varying dynamics
o Summary

UTFSM, November 2012 — p.2/76

Making the estimate recursive

Aim: Rewrite the estimate so that 4(t) is updated
from 8(t — 1) when the new measurement y(t) is

available.
§(

HEC»E

=1

2 [+ (¢~ i)

(¢ —1) +% [w(t) - 0t - 1)]

This equation captures the essence of recursive

algorithms {also for dynamic systems)!
UTFSM, November 2012 — p.5/76

Time-varying signals

Assume #(t) changes with time.

Recursiva sstimate of s

After a change, give less weight to old data.
How?

UTFSM, November 2012 — p.8/76
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Introduction

Consider the problem of estimating a constant
signal from noisy measurements.

Extension to dynarnic systems will be treated
later.

UTFSM, Nevember 2012 - p.3/76

Interpretation

B0) = B~ 1)+ 5 [o(0) — e~ 1)

f(t) new estimate

0t —1) old estimate

1/t gain sequence

y(1) new measurement

f(t —1) prediction of y(t) based on
available data at time ¢ — 1
and model parameter §(t — 1)

y(t) — 8(t— 1) prediction error

UTFSM, November 2012 - p.6/76

Approach for time-varying case
Time-invariant case
t
Vi(#) = Xly(s) - o

Weighted critericn for the time-varying case
£
Vi{e) = Elﬂ(t, 8)ly(s) — oI

Weights 5(t, s) should fulfil
mi(tt)=1

mi(t,s) < lwhens <t
UTFSM, November 2012 = p.8/76
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Approach for time-varying case

Weighting patterns
Vi(0) = 32 9t )luts) ~
B¢, s}

Equal weighting  Fectangular weighting
I | Exponerslal weighiing

—-_._._____._____,—l—"’—-
t— L

UTFSM, November 2012 - p.10/76

Exponential forgetting, cont’d

00 = S O+ TN
- ok - X0
- f:;y(t)+*1:§’é(t—1)
= 8= 1)+ 1 Syle) + T 1)
= 0~ 1)+ 20 — B~ 1)

UTFSM, November 2012 — p,13/76

Observer-based estimator

Model

Bt+1) = 8(t)
y(t) = o(t) +el(t)
Obsetver
6t + 1) = 6(t) + K[y(t) — 6(t)]
Observer error; 8(t) = 6(t) — 6(t)
G(t+1) = (1 - K)B(t) + Ke(t)

UTFSM, Navember 2012 - p.16/76
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Approaches for time-varying case

m Exponential forgetting

V) = S X y(s) -0 A<l

n Rectangu!ar forgetting
Vi0) = £y g alu(s) — OF

m Observer
e(t +1)= B(t + Ky(t) — ( )]

UTFSM, November 2012 = p.11/76

Rectangular forgetting

Criterion
R t
o0 = % ) -oP
s=t—L+1
t
= #xL-20 3 y(s)+const.
s=t—L+1
Estimate
]
=7 > w0
g=t—L+1
UTFSM, November 2012 —p.14/76
Simulations

Forgetling facter
oL Iamtade = 004 LUK DIV i)
» %

ot

UTFSM, November 2012 — p.17/76
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Exponential forgetting

Criterion ,
vEG) = 3 A ly(s) - 61
5=1

¢ t
= 23 A0 — 283 A%y(s) + const.
s=1 &=l
Estimate
é(t) — Zt&=1 At_ay(s) _

Zi=1 23
= ot AT ()
COEb A v =1 v

UTFSM, Novernber 2012 — p.12/76

Rectangular forgetting, cont’d

Estimate
. 1 ¢
o(t) = 7. _E y(s)
1 —1
- z[ e-Dy+ S oo
s=t—L
1
= E[ +L9(t—1)]
= ét—1)+ [v{t) — y(t — L)]
UTFSM, November 2012 - p.15/76
Analysis
Examine

1. Noise sensitivity (Assume y(t) = 0 + e(£))
a(t) = 0(t) —
Measure: E62(t)

2. Tracking capability

Bt) = bt — 1)+ (1 — o) y(t) — 0 - 1)]

Measure (dominating pole location): «
0<a<l)
UTFSM, November 2012 =~ p.18/76
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Analysis: time-invariant case

at) = Bt—1)+ % [v®) - é(e - 1)]
o) = 6(t)—@

0t) = (6 —1) 4 [e(®) ~ e 1)
H(t) = (=1 —1)+e(t)

UTFSM, November 2012 — p. 13176

Analysis: exponential forgetting, cont’d

6ty = Ot —1)+ 10— N [e(t) — 8t —1)]
6(8) = M(t—1}+ (1 — Ne(t)
AR({1) process!

e 1— )20t -2
EZORS 1—,}\2 =75y

Dominating pole = A.

UTFSM, November 2012 — p.22/76

Noise sensitivity
1. Time-invariant case: EG%(t) = o/t

2. Time-varying case {when ¢ — co):
m Exponential forgetting: E6*(t) = 02133
m Rectangular forgetting: E%(t) = o%/L

= Observer: E6%(t) = o%5 1%

UTFSM, November 2012 — p.26/76
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Analysis: time-invariant case, cont’d

() = (t—1)0(t — 1) +e(t)
Pt) & El)?
= P(t) = Plt—1)+7°
= P(t) = to*
= EG*(t) = PR)/t=d/t

Hence consistency: () — 9 as t — oco.

UTFSM, November 2012 — p.20/76

Analysis: rectangular forgetting

. 1 ¢t
@) = 7 X uls)
s=t—L+1
I+I % o)
= 0+— e
L.v=t—L+l *
= §+6(1)
_ 2
B = %

UTFSM, November 2012 — p.23/76

Inherent tradeoff
u Decrease noise sensitivity [ £6%(t) small ]

[A=1; Llarge; K = 0]
long memory

UTFSM, November 2012 - p.26/76
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Analysis: exponential forgetting

B) = Bt — 1) +(t) [y(t) ~ (e ~ 1)
8(t) = 6(t)—6
8(t) = B(t-1) +4(t) [e(t) ~ B(t — 1)]

Gain sequence

1-A .
¥(t) = m—rl—)\ ift— o0

UTFSM, Novemnber 2012 — p.21/76

Analysis: Observer

0(t) = (1 — K)ot — 1) + Ket)

AR(1) process!
Kt s K
= =T
1-(1-K)2 2-K

Dominating pole =1 —- X

E&(t)

UTFSM, November 2012 — p.24{76

Inherent tradeoff

w Decrease noise sensitivity [ £42(¢) small |
[Am1; Llarge; K =0
long memory
m Fast tracking capability [ pole = 0 ]
[» < 1; Lsmall; K = 1]
short memory

UTFSM, November 2012 — p.26/76
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Inherent tradeoff

m Decrease noise sensitivity [ £62(¢) small |
[Aaz1; L large; K ~ ()
long memory
x Fast tracking capability [ pole = 0 ]
A< 1; Lsmall; K ~ 1]
short memory

-

UTFSM, Novembar 2012 = p.26/76

Approaches for recursive identification

Apply recursive identification to linear dynamic
models

n Modification of off-line methods

m Nonlinear filtering

n Stochastic approximation

u Pseudolinear regression and model reference
techniques

UTFSM, November 2012 — p.29/76

Derivation of recursive least squares (RLS)

Set

R(t) = R(t—1)+e{t)¢' )

= [matrix inversion lemmal
(t - De®e (HPiE—1)
1+ " ()Pt — Do ()

Py = Pe-1)-2

UTFSM, November 2012 — p.32/76
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Inherent tradeoff, cont’d

Time constant for step change in 8(t) vs
estimation error variance
(Time in sampling intervals to reach 63 % of final value)

Blua = forgatticg lack, absarver
Groan = rhctangular window

$ime ponstant

z ¥ X % 5 8 y % 3

3 m T 3 o3 0 2y

varanca
UTFSM, November 2012 — p.27/76

Approach 1: Modify off-line algorithms

Least squares method, linear regression model

() = @ ()8 + v(t)

The regressor vector ¢(t) depends on data
available at time ¢.

Least squares estimate at time ¢

[z W(S}QDT(S)] () = {21 so(s)y(s)]
UTFSM, November 2012 — p.30/76

Updating the parameter estimates

i = POy [ﬂo(t)y(tngso(S)y(S)]

P(t) [eu(t) + (R() — w(0)” (1)) 0t - 1)]
B¢ — 1) + P(0)e(t) [y()) — #"(0)B(t — 1)]
(¢ — 1) -+ K{t)e(t)

Prediction error

e(t) =y(t) — " (DO(t - 1)
UTFSM, November 2012 — p.33/76
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Contents

m Introduction

m Derivation of algorithms

m Tracking time-varying dynamics
m Summary

UTFSM, Ngvember 2012 — p.28/76

Example of linear regression model

ARX (autoregressive with exogenous input)
model

A(g™y(e) = B{g™ult) + v(t)
Yy + eyt — 1) +... +ayt —n)
=bhu(t —1) +... +byu{t — n) +v(t)
Then
e(f) = (—ylt—1)...u(t—n))
8 = (a1...a0by...5,)7

UTFSM, November 2012 - p.31/76

Estimator gain

K(t) = Pt)e(t)

= P(t—1)p(t)- P{f 7 ;?*“Tgﬁj (i)f)g(;) :
= P(t—1)et) (1 1 fT;;)(S(;(; i)ﬁ(;)(t))
= P(t= 1oty {pT(t)Pl(t - Lp(t)

P(t) = P(t—1)- K@ (t)P(t—1)

o(t)

UTFSM, November 2012 — p.34/76



Informationsteknologi

k=]
o
0
c
kv
o)
2
[42]
-
o
=
©
£
L
o
L
£

Comments on RLS

a No approximations used!

a An instrumental variable estimator can be
written in a similar way [Substitute o(t) by
#(1); keep T (£)].

m Recursive (or on-line) algorithms RLS and
RIV have the same convergence properties
{t — o) as the batch (or off-line) algorithms.

u How to set the initial values P(0), 6(0)?
UTFSM, Novernbes 2012 - p.35/76

Prediction errors

Prediction errors in general obtained by IIR
filters!

For linear models, the prediction errors are
mlinear in the data y(-), u(-).

m generally nonlinear in the parameters 4.
(RLS is an exceptionl)

UTFSM, November 2012 - p.38/76

RPEM cont’d

Approximations

w Taylor series of V,{#) up to second order
terms

w V! (6{t — 1)) = 0 [assume (¢ — 1) = 4]
mee” negligible compared to T
m V(6(8) = V(8 - 1))

UTFSM, November 2012 —p.41/76
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Recursive prediction error method

Prediction error criterion
t
V(o) = = ¥ 6X(5,0)
2 s=1

The model structure specifies how the predition error e(t, 0)
is to be computed from available input and output data.

An exact recursive minimizer of ,(0) does not exist in
general,

Important excepticn: LS, for linear regression model.

In the general case: Make approximations, that hold
without errors for the LS case.

UTFSM, November 2012 - p.36/76

RPEM, cont’d

Taylor seties expansion around 8(t — 1):

Vil8) = Vi(B(t— 1))+ V/(6( — 1))l8 — 6t - 1))
20—~ DY@~ 1))l0 ~ B~ 1)

Minimize!

B0 = b - 1)~ [ -] [ - 1)

UTFSM, November 2012 — p.38/76

RPEM derivation, cont’d

Set
RE) = 3 $(s,00- DG, 1)

= R(t—1)+y(t, 06— D)y 8(t— 1)
8t) = 0t —1)+ RH{ewp(t, 8t — 1))elt, 8(t — 1))

How }o compute
P(s, 00t — 1)), =(s,00t 1)), s<t?

UTFSM, November 2012 — p.42/76
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Example: ARMAX model

Algy(E) = Blg™"ult) + Clg Me(t)
Parameter vector
0=(a1...anbr... 0, cl...cn)T
Prediction errors {for one step optimal prediction)

_ B(g™)
Clg™)

et,0) = X))

Gl ult)

UTFSM, Novernber 2012 — p.37/76

RPEM, cont’d
Negative gradient

T
0(6,0) & [~ ge(6,0)]
Recursion of V; implies
Vi) = =S e(s0n(s.0)
ViLa(6) — £(2, 0)(t,0)
S (s, 09 (s,6) + X e(s,0)e"(s,6)
V24(8) +(t, )" (2, 6) + &(t, 0)€" (2, 6)

| 1 - . |
UTFSM, November 2012 —p.40/76

!

V(@)

1l

Computing prediction errors

Find approximation (depends on the model
parameterization)

e(t,6(t — 1)) ~et), $(t,6(—1) ~ (D)
Set P(t) = R~!(t). Algorithm (cf RLS!)

0(t) = 8(t—1)+ K{t)e(t)

_ Pt — Dt} ()P - 1)
PO = PU=1 = ) pe - 0o
K) = PUE) = i o)

T T oTP( - D9l

UTFSM, November 2012 — p.43/76
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Approximate prediction errors
Principle: Use recent parameter estimates
Example: MA(1) process

y(t) = e(®)+ee(t—1), 0=c

t0) = o cq_ly(f}
-1 -1
¥t 0) = m_‘l‘)ay(igl): Wf(i—l»w
Approximation
e(t) = —alt— et — 1) +y{t)
P(t) = —el-pli-1)—elt—1

)
UTFSM, November 2012 — p.44/76

Nonlinear filtering, linear regresssion

Model
y(t) = ¢ ()6 +e(?),

Here, y(t) depends on Z¢%,
A priori distribution 8 ~ N (6, Pp).

Use Bayes' formula

e(t) ~ N{0,ra}

ply(B)E, Y- p(o]Y*)

pOYY) = pOlY " y() =
pOIY®) ~ N(bo, F)

ply(NIY*1)

UTFSM, November 2012 — p.47/76

Kalman filter interpretation

Linear regression model
HMt+1) a(t) [+u(t)]
y(t) = ¢" ()0 +elt)

Find
2t +1) = Elz(t+- V)|V = &{t + 1]t)

LITFSM, November 2012 — p.50/76
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Approaches for recursive identification

= Modification of off-line methods
m Nonlinear filtering
a Stochastic approximation

a Pseudolinear regression and model reference
techniques

UTFSM, November 2012 — p45/76

Nonlinear filtering, cont’d

Gaussian case
ply))8, Y1) ~ N(p"
Assume
p(OlY* ) ~
Use induction to show
pBIY) ~ N((2)|P(2))
How are {(t) and P(t) updated?

UTFSM, November 2012 = p.48/76

()8, 72(2))

N((t - 1)|P(t — 1))

Kalman filter, cont’d

B(E+1) = () + KO — e (02— 1)
_ P(t)p(t)
KO = S FoPEe0
By - P P(t)e)e” ()P (8)
PO = PU-D 1 R O P @0e)
(Set B(t) = P(t - 1).)

Note: Interpretation of 8{0), P(0).

UTFSM, November 2012 — p.51/78
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Approach 2; Nonlinear filtering

Regard @ as a random variable.

Find the conditional pdf p(6]2%),
2t ={y(1),u(1),... y(t),u(t)}.
Choose i

8(t) = B(6)2")

UTFSM, November 2012 — p.46/76

Nonlinear filtering algorithm

Using properties of conditional Gaussian pdf’s:

=
Bty = Ot —1) + KBt — o ()0t — 1]
_ Pt —Dp(t)
R0 = Sramr- 1)go(t)

ot ( )P(t - l)f.o(t)

[This is RLS, with scaling if r» # 1]
UTFSM, November 2012 - p.49/76

Nonlinear filtering, general case

State-space model

et +1) = F@)s(t) + G@u(t) +w(t)
y(t) = H(O)z()+eld)
cov(w(t)) = Ra(0), cov(e(t)) = Ra(6)

Form an extended state space model using

7(t) = ( ) )

and use, say, an extended Kalman filter for
estimating Z(t). UTFSM, November 2012 — p.52/76
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Approaches for recursive identification

= Maodification of off-line methods
w Nonlinear filtering
m Stochastic approximation

m Pseudolinear regression and model reference
techniques

UTFSM, November 2012 - p.53/76

Stochastic approximation example

Solve
Ele(f) —x] =0
[Hence, z = Ee(t).] Algorithm with v{(¢) = 1/t

B8 = #(t—1)+ %[e(t)—ﬁ(t—l)]
= 2260 1)+ 1elt)

3t = F-1D2E-1)+elt)

b(t) = S_ijle(s) = i(f) = % é e(s)

UTFSM, November 2012 - p.56/76

Approaches for recursive identification

m Modification of off-line methods
= Nonlinear filtering
m Stochastic approximation

m Pseudolinear regression and model reference
techniques

UTFSM, Navember 2012 — p.58/76

o
e
0
c
X
)
3
®
c
o
2
@
£
3
©
L
c

Informationsteknologi

@

gf;

Informationsteknologi

Approach 3: Stochastic approximation
Problem: Sclve
0= f(z) = EQ(=z,e(t))

w rt z; e(t} is unknown; Q(z, e) can be observed
for arbitrary z.
Example: Minimize

V(0) = B0 - " OO

0= Ep(t)[u(t) — ©"(£)0]

Here, z = 0, e{t) = ( W) o8 )

UTFSM, Novernber 2012 — p.54/78

SA algorithm, linear regresion

8(t) = 6(t — 1) + (e y(®) — ¢ (6 — 1)]
LMS (least mean squares)

Some gradient algorithms:
my(t) ==, (fixed)
ny(t) = I?E;]T (normalized)

uy(t) = m (decreasing)

UTFSM, November 2012 — p.57/76

Approach 4: Pseudolinear regression (PLR)

Idea: Treat {#) as a second input, known at
times s < ¢+ 1. Apply standard RLS.

The idea is applicable to the general linear model
_ Blg™ Clg™)

F{g™) D(g™")
{and special cases thereof).

AlgHy(t) u(t) + e(t)

UTFSM, Navember 2012 ~ p.60/76
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Stochastic approximation algorithm

2(t) = £(t — 1) + () Q& - 1),e(2))
Steplength () satisfies
&) >0, 7{£) - 0,t— o0

Usual conditions

§1 2t =00, T9(t) < 00

Example: v{t) =1/t

UTFSM, November 2012 — p.55/78

SA algorithm, Newton direction
Set
V" = Bp(t)e' (1)

8(t) = 6(t — 1) + vV QU — 1), ()
Update V" =

Algorithm

B() = 6(t— 1)+ ¥R Be®ly() —¢" (£)8¢ - 1)]
R(f) = R(t—1)+()lp(tle" (1) - R(t~1)]

UTFSM, November 2012 — p.58/76

PLR for ARMA models

Model
Alg™y(t) = Clge(t)

y(t) = @l (60 +e(t)

f = (a1 Y TR N cn)T
o) = {(—3(t—1) ... et-n))
Define model regressor
pt)=(-y(t—-1) ... elt—n))

UTFSM, November 2012 — p.61/76
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PLR algorithm

Note (t} is formed from Y*~! and

Gt—1), t—2),...

8(t) = 8t —1) + K{t)e(t)
elt) = y(t) " (16t — 1)
_ Pt — 1)e(t)
KO = T mpe-vem
P = P(t—1)~ LU= Dele" )P 1)

L+ TPt — 1elt)
UTFSM, November 2012 — p.62/76

Model reference algorithm

6() = 6(t— 1)+ P(O)p(t) [y(t) — dar(2)]

|27 B

P(t)

1l

This can be interpreted as a recursive output
error method.

The algorithm has better convergence than BLS
{often no bias).

UTFSM, November 2012 — p.B5/76

Tracking, Bayes’ approach

Modified model (drift, random walk)

oL+ 1)
()

Algorithm (Kalman filter!)

) + v(t), cov{o(t)) = 7y
ST (R0 + ell), cov(e(t)) = Ry

de) = (- 1)+ K(Be()
() = () - (i1
Pl = Dp(t)
RO = S awPe - vew
P) = PU—1)+R— Pt~ Le(tle™ (0P 1)

2+ {8) P(t - 1)p(t)
UTFSM, November 2012 - p.66/76
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Model reference technicgue

uft) System y(t)
+
) O—
Blg /) Par(2)
F((;f D)
UTFSM, November 2012 — p.63/76
Contents

m [ntroduction

m Derivation of algorithms

m Tracking time-varying dynamics
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Tracking, modified off-line approach

Modlified criterion
Vi0) = 23 Xte(s,0)
s=1

with forgetting factor A < 1. Algorithm

6 = -1+ K@)
t) = y(B)— (L1}
Pl — ()
*0 = TEOPL- 190
P = |Pit~1)- Pt - l)ﬂo(t)‘PT(f')P(L -1) l

A+ @T{) Pt — 1)p(t) A
UTFSM, November 2012 — p.69/76

Informationsteknologi

UbiSALR
URIVERSITET

(o))
ke
C
c
=X
O
=
/)]
jo
2
i)
@©
=
A
L
£

:@®

Zg
=5
1S

Informationsteknologi

3

Model reference technique, cont’d

Find unknown output i, (2).

YORE- =0

Rewrite model

() = "0 —1)
Alt-1)

= (—gmlt—-1) ... ult—n))

bn(t I_ 1)

UTFSM, November 2012 — p.64/76

Tracking time-varying dynamics

Basic algorithm
() = 6(t — 1) + K (£)e(t)
When the true para[neter vector is time-varying,
attempt to achieve 8(t) = 6,(t).
Prevent K (¢) from decreasing to 0: For example,
= Modify model
m Modify criterion

n Modify gain sequence ()
UTFSM, November 2012 - p.67/75

Using a forgetting factor, cont’d

Modified criterion
1 £
Vi(f) = 5 32 X% (s, 0)
2 s=1
Assume A = 1.
Memory, time constant T?

A = Tlos() o T -1

gives
1

T T
UTFSM, November 2012 - p.70/76
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Tracking, SA algorithm

Choose gain sequence such that y(t) 4+ 0.
Bty = 6(t 1)+ (RN Be(t)e(t)
R(t) = R{t—1)+70)le(t)e”(t) — R(t - 1)]
Compare with
ét) = 0(t—1)+ P®)p(t)e(t)
P(t— Do(tle"OPE-1] 1
M)+ @T(OP(E - Te(t) | A1)

Are the two algorithms identical?
UTFSM, November 2012 - p.71/76

Pit) = |Pt-1)-

Summary

There is only one recursive identification
algorithm,

8(t — 1) -+ P(t)p(t)e(?)
Pl - ()P OPE—1)] 1
PU=1) = 3G+ P 1w | X0

{+ a part depending on the model structure)

6(t)

P(t)

il

A large number of varieties, due to various user
choices.

UTFSM, November 2012 — p,74/76
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Tracking, SA algorithms

The two algorithms (SA-based, and RPEM
based, resp.) are identical, if

R L

Examples:
LAty =v%=A=A=1-7

2. () =1 = At) =1

UTFSM, November 2012 — p.72/76

User choices in recursive algorithms

m Model structure/model parameterization

m [nput signal [experimental condition]

u Criterion function

= Gain sequence ~(t) for forgetting factor A(t)]
= Search direction [gradient vs. Newton]

= Initial conditions [#(0), P(0)]

= |Optional: instrumental variable variant]

m [Optional: PLR variant]

UTFSM, November 2012 = .75/76
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Further reading

mL. Ljung and T. Sdderstrdm: Theory and
Practice of Recursive |dentification. MIT
Press, Cambridge, USA, 1983.

x T. Sdderstrém, L. Ljung and |. Gustavsson: A
theoretical analysis of recursive identification
methods. Automatica, vol 14, pp 231-244, 1978,
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